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Abstract. In this paper, we investigate special Smarandache curves accord- 
ing to Bishop frame in Euclidean 3-space and we give some differential geomet- 
ric properties of Smarandache curves. Also we find the centers of the osculating 
spheres and curvature spheres of Smarandache curves. 



1. Introduction 

Special Smarandache curves have been investigated by some differential geome- 
ters [1,8]. A regular curve in Minkowski space-time, whose position vector is com- 
posed by Frenet frame vectors on another regular curve, is called a Smarandache 
Curve. M. Turgut and S. Yilmaz have defined a special case of such curves and call 
it Smarandache TB2 Curves in the space Ef [8]. They have dealed with a special 
Smarandache curves which is defined by the tangent and second binormal vector 
fields. They have called such curves as Smarandache TB2 Curves. Additionally, 
they have computed formulas of this kind curves by the method expressed in [10]. 
A. T. Ali has introduced some special Smarandache curves in the Euclidean space. 
He has studied Frenet-Serret invariants of a special case [1]. 

In this paper, we investigate special Smarandache curves such as Smarandache 
Curves TNi, TN2, N1N2 and TN1N2 according to Bishop frame in Euclidean 
3-space. Furthermore, we find differential geometric properties of these special 
curves and we calculate first and second curvature (natural curvatures) of these 
curves. Also we find the centers of the curvature spheres and osculating spheres of 
Smarandache curves. 

2. Preliminaries 



The Bishop frame or parallel transport frame is an alternative approach to defin- 
ing a moving frame that is well defined even when the curve has vanishing second 
derivative. We can parallel transport an orthonormal frame along a curve simply 
by parallel transporting each component of the frame. The parallel transport frame 
is based on the observation that, while T{s) for a given curve model is unique, we 
may choose any convenient arbitrary basis {Ni{s)^N2{s)) for the remainder of the 
frame, so long as it is in the normal plane perpendicular to T{s) at each point. 
If the derivatives of (iVi(s), iV2(s)) depend only on T{s) and not each other we 
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can make Ni{s) and N2{s) vary smoothly throughout the path regardless of the 
curvature [2,6,7]. 

In addition, suppose the curve a is an arclength-parametrized curve. Suppose 
we have unit vector fields A''i and N2 = TA Ni along the curve a so that 

{T,Ni) = {T,N2) = {Ni,N2)=0, 

i.e., T ,Ni,N2 will be a smoothly varying right-handed orthonormal frame as we 
move along the curve. (To this point, the Frcnct frame would work just fine if the 
curve were with k ^ 0) But now we want to impose the extra condition that 
{N[,N2) = 0. We say the unit first normal vector field Ni is parallel along the 
curve a. This means that the only change of A^i is in the direction of T. A Bishop 
frame can be defined even when a Frenet frame cannot (e.g., when there are points 
with AC = 0). Therefore, we have the alternative frame equations 



T' ' 







ki 


k2 ' 




■ T 


















N'2 . 




-k2 










N2 



One can show that 
k{s) = \ kl- 



kl e{s) 



arctan ( ^ I , fci ^ 0, r(s) 



de{s) 

ds 



so that fci and ^2 effectively correspond to a Cartesian coordinate system for the 
polar coordinates k, 9 with & = — J T(s)ds. The orientation of the parallel transport 
frame includes the arbitrary choice of integration constant ^o, which disappears 
from T (and hence from the Frcnct frame) due to the differentiation [2,6,7]. 
Bishop curvatures are defined by 



(2.1) 
and 
(2.2) 
[9]. 



ki 



KCOSf 



AC sin 



T = T 



Ni=Ncose-Bsme , N2 = N sinO + B cosO 



3. Smarandache Curves According to Bishop Frame 

In [1], author gave following definitions: 

Definition 1. Let a = a{s) be a unit speed regular curve in and {T,N,B} be 
its moving Serret-Frenet frame. Smarandache curves TN are defined by 

1 



V2 



(T + N). 



Definition 2. Let a = a{s) be a unit speed regular curve in and {T, N, B} be 
its moving Serret-Frenet frame. Smarandache curves NB are defined by 

P{s*) = ^{N + B). 

Definition 3. Let a = a{s) be a unit speed regular curve in E^ and {T, N, B} be 
its moving Serret-Frenet frame. Smarandache curves TNB are defined by 

P{s*) = ^{T + N + B) . 
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In this section, we investigate Smarandache curves according to Bishop frame in 
EucHdean 3-space. Let a — a{s) be a unit speed regular curve in E'^ and denote by 
{Ta, N^, N2} the moving Bishop frame along the curve a. The following Bishop 
formulae is given by 

(3.1) r„ = fc^TVf + k^N^ , = -k^Ta, , = -k^T^ 
with 

T„ = iVf A , TVf = -T„ A , = r„ A TVf . 
3.1. TiVi— Smarandache Curves. 

Definition 4. Let a — a{s) be a unit speed regular curve in and {Tq, A^f , N2} 
be its moving Bishop frame. TaN^ — Smarandache curves can be defined by 

(3.2) ;3(5*) = _L(T„+ivn. 

Now, we can investigate Bishop invariants of T^A^f— Smarandache curves ac- 
cording to a = a{s). Differentiating (|3.2p with respect to s, we get 

(3.3) = ^ (k'^T^ _ fc^TVf - k^N^) 
and 



where 



(3.4) 



ds* l2{kff + {k^f 



ds V 2 
The tangent vector of curve /? can be written as follow, 

(3.5) = = (fc?r„ - k'^N^ - k^N^) . 

^2ikff + {k^f 

Differentiating (13.51) with respect to s, we obtain 
(3-6) r (AiT„ + A2K + A3A^2") 



ds* ds 



{2{k-f+{kify 



where 



Ai = -k?{k!^f-2{k'^)*-3{k?f{k^f^{k^f + k?k^k^ 

A2 = -2(fcn'-(fc?)'(fc2)' + fcr(fc2)'-fc?^2fc? 

A3 ^ 2 {^k-^ ^ ^2 " ^1 (^2 ) ^ (^1 ) ^2 ~ 2A^j^ • 
Substituting ((Xi)) in (IX^ . we get 

- — — {XlTa + A2K + A3Af2") ■ 

(2 {kff + {k^ f 
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Then, the curvature and principal normal vector field of curve /3 are respectively, 
and 



1 



X\ + \\ + A3 



On the other hand, we express 



1 



So, the binormal vector of curve /3 is 



Ua La La 
1 1 2 

Ai A2 A3 



1 



^2{kff + ik^f^Xl + Xl + Xl 
where 

ai = A3fc?-A2fc? , (72 = A3fc? + Alfca" , a3 = -fcr(Ai + A2). 
We differentiate p.Sp with respect to s in order to calculate the torsion 

and similarly 



where 



Pi 
P2 



p = — {p,T^ + p^N^+p,N^), 



fti-j^ Oa/^ '-' 2 2 ' v 1 / 1 v 2 / 

-'Sklk'^ - (klf - k1 {k^f + k'^ 



The torsion of curve /3 is 



72. 



((fc?)' - fcn(P3fcf + Plfc2 ) + fcf (fc? - fcf fc2 + P2) 

-{K + iKf + {k^f){p2k^^P^K) 



K'^l "'2 



"■1 '*'2 7 + I'^'l '^2 ^ l"-! 7 '^2 



"-1 "-2 



[k^fy + (2 (fc?)^ + fcf (A:^") 



The first and second normal field of curve (3 are as follow. Then, from (12.21) we 
obtain 



iVf 



and 



(y^cos^/jAi — sin6'^(Ti) Tq 
+ (y^cos6'^A2 - sin 6*^0-2) 
+ (y/JI cos 9 13X3 - sm6p(j3) 
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^^"^ I + (^/Msin0^A3 + cos 0^(73) A^s" 



where Op^- J Tf3{s)ds and ^ ^ 2 (fcf )^ + ?7 = y + + A3 

Now, we can calculate natural curvatures of curve (3, so from (|2.ip we get 



and 



y^2(A2 + A^ + A^) cos 6/3 



2(Ai + A2 + A3)sin^ 

2 ~ ; I 



{2{k^f + {k^f)' 



3.2. rA^2— Smarandache Curves. 

Definition 5. Lei a = a(s) &e a unit speed regular curve in and {Tq, A^f , ^^2*} 
&e its moving Bishop frame. TaN2 — Smarandache curves can be defined by 

(3.7) /3(s*) = -^(T„+iV2"). 

Now, we can investigate Bishop invariants of T^iV^— Smarandache curves ac- 
cording to a = a{s). Differentiating (|3.7p with respect to s, we get 

(3.8) p = ^^ = zl i^kqr^ _ k^N'^ - k^N^) 

and 



where 



(3.9) 



ds* _l{kff + 2{k^f 



ds \j 2 
The tangent vector of curve /3 can be written as follow, 

(3.10) Tp - (fc2"r„ - fcf TVf - fc2"^2") 

^(fcf)' + 2(A:2")' 
Differentiating p.lOp with respect to s, we obtain 

(3-11) r (AiT, + A2K + A3^2") 



ds* ds 



[{k'^f+2{ksfy 



where 



Ai = -{k'^fk^-{k'^f-3(klf{k!^f-2{k^f + kfk?k^ 
A2 = -ik^fk^~2k^{k^f + 2k^{k^f-2k'^k^k^ 

A3 = -(fcn'(fc2")'-2(fc2")' + (fcn'fc?-fcffcr^2- 
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Substituting ([3^ in (|3Tl|) . we get 

V2 



(AiT„ + X2N^ + XsN^) ■ 



Then, the first curvature and the principal normal vector field of curve /3 are re- 
spectively, 



\n\\- 



V2^Xl + Xl + Xl 



and 



Nb = 



Xi + X2 + A3 



On the other hand, we express 



^{k<lf+2{k^f^Xl + Xl + X 



_l.a h.a i,a 
^2 fi-i «'2 

Ai A2 A3 



So, the binormal vector of curve /3 is 

f 



^J(kff+2{k^f^Xl + Xl + Xl 
where 

ai = Agfc" - AsA:^" , ^2 = (A3 + Ai) , ^3 = - (A2fc2" + Ai^H • 
We differentiate (|3.8p with respect to s in order to calculate the torsion of curve fS 



and similarly 



where 



Pi 
P2 

P3 



l3 = -^ip,T^ + P2K+p,N^), 



r\i'2 Orh-^ rh'Y '-''*'2 2 ^ V 1 / 2 ^ V 2 / 

Zjixi-^ r\j'2 V 1 / 1 v 2 / 1 2 1 

~3/ij9 Jxi'-} ) ^2 ~~ (^2 ) ^2 ■ 



The torsion of curve j3 is 



^ ^ k^ikfk^ - kf){p, + p,) + (fc2" - (fc2")')(p2^2 + Pl^f ) 
~(fc'g + (fcf)V(fc2")^)(p2fc2"-P3fcn 

- fc«A:^)2 + (-2 (fc^)^ - [klf k^Y + (2A;f (fc^)^ - fc^^/c^ + fcf /cj + (fc^*)^)^ 



The first and second normal field of curve /3 are as follow. Then, from 
obtain 



we 
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1 f (^cos6i/3Ai - sin6'^(Ti) Tq 

^^'^ I +(VMCOS0^A3-sin0^a3)iV2" 

and 

^ ( (^Isine^Ai + cos6'^cri) Tq 

where dp^- ^ Tfi{s)ds and ^ = (fcf )^ + 2 [k^f, t] = ^Ai+A2 + A3. 

Now, we can calculate natural curvatures of curve /3, so from (|2.ip we get 



and 



y^2(A2 + + A^)sin0;3 



3.3. iViiV2— Smarandache Curves. 

Definition 6. Let a = a(s) he a unit speed regular curve in and {Ta,Ni ^N!^} 
he its moving Bishop frame. N2 — Smarandache curves can be defined by 

(3.12) /3(s*) = i=(iVf + 

Now, we can investigate Bishop invariants of A^"A^^— Smarandache curves ac- 
cording to a = a{s). Differentiating (|3.12l) with respect to s, we get 

■ dB ds* ~ (k? + fc?) 



and 

where 
(3.14) 



ds* -{k? + ki) 
ds V2 

ds* _k'^ +k^ 



ds y/2 

The tangent vector of curve /3 can be written as follow, 

(3.15) Tp = -r„. 
Differentiating p.lSp with respect to s, we obtain 

(3.16) S^^-^?^"-^^"^^" 
Substituting ((XTi)) in (151^ . we get 

V2 
k'^ + k 
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Then, the first curvature and the principal normal vector field of curve /3 are re- 
spectively, 



It' I 



and 



-1 



On the other hand, we express 



V2^{Kf + {kqf 



B,3 = 



So, the binormal vector of curve /3 is 



-10 
-k1 -fcf 



[k^N^ - k^N^) . 



^{k^f + {k»Y 

We differentiate (I3.13P with respect to s in order to calculate the torsion of curve , 

/? = ^ I (^fc? + k^^ T„ + ({kff + k'^kq) iVf + (k'^kq + (^2")") 



and similarly 



/3 = ^(pir„+p27Vf +P3^^2") 



where 



Pi 

P2 



'^1 + '^2 ('^1 ) K'^l ) '^2 '"'1 ) \'^2 ) 

-J- Oh°'lc°' 4^ h'^h°' 
Orij \ ^rxj-^ \ '^2 

^ '2ik-^ k'2 ~|- i^k'2 k'2 k^ ^2 ■ 
The torsion of curve /? is 



Tf3 = 



-V2 {p3((/c?)' + fc2") - P2(fcf ^2 + (fc2 )')} 
(fcf + kq) {(fcf fc2" + (fc?)')' + m f + A:?fc2")'} 



The first and second normal field of curve (3 are as follow. Then, from 
obtain 



we 



and 



1 



:{{kq sin 6*^ - k'^ cos 61^) A^i" - (fc^ cos6'^ + sin 61^) A^a"} : 



= {- (fcj* sin + kq cos 61^3) iVf + (fc^^ cos 6*0 - kq sin 6'/5) iV2"} 

V(fcf)' + (fc2"f 

where Op — — j Ti3{s)ds. 

Now, we can calculate the natural curvatures of curve /3, so from (|2.ip we get 
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13 _ 



^2{(k'if + {k^f) COS Op 



ha 
"■2 



and 



^2mf + ik-f)sin0p 



^ i." -I- i." 

1 2 

3.4. rA^iA^2— Smarandache Curves. 

Definition 7. Let a = a{s) be a unit speed regular curve in and {Tq, A^f , N2} 
be its moving Bishop frame. T^N^ N2 — Smarandache curves can be defined by 

1 



(3.17) 



l3{s*)^^iTa + K+N^) 



Now, we can investigate Bisliop invariants of T^Aff iV^f — Smarandache curves 
according to a = a{s). Differentiating p. 171) with respect to s, we get 



(3.18) 
and 

where 
(3.19) 



dB ds* -1 



rfs* —1 

Tp^ = ^ m + fc2 ) To. fc?iVr - k!^N^ 



ds* 
ds 



\ 



((fc?; 



The tangent vector of curve /3 can be written as follow 

-1 



(3.20) 



^2[{kff + kfk^ + {k!^f} 



m + k^)T^-k1N^-k!^N^) 



Differentiating p.20p with respect to s, we obtain 
dT;3 ds* 1 



(3.21) 



where 



ds* ds 



2V2{{kff+kfk^+{k^fy 



(Air„ + A2 ivr + A37V2") 



-2fc? (fc?)' 



(fc") ^2 + fc"/c2 — 2 (fc") — 2(fc") /Cj 



-4 (fcH' (fc2 ) " 2fc? (^2")-^ ~ 2 (^2")" + fc?fc?fc2" + fc? (^2")^ 
A2 = -2{k'^f-4{k'^fk^~4{k'lf{k^f~2k'^{k^f + k'lk'^k^ 

\^ ^1X1-^ ^'•'2 / v 1 / 2 ^A/j^ 2 

A3 = -2{k^fkq-A{k^f{k^f^Ak^{kqf~2{kqf 



\^ ^ \ 1 / 2 1 2 2 Zifty-j^ ni-|^ '1']^ v 2 
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Substituting (|3?T9l) in ([33T|) . we get 



"-1 '^2 



Then, the first curvature and the principal normal vector field of curve (3 are re- 
spectively, 



= \\T'r\\ ^ 



and 
(3.22) 



A^ + A2 + A3 



(AiT, + AaiVf + AgiVs") . 



On the other hand, we express 



^2 ({k^f + k^k^ + (k- f) + + \ 



To, 
Ai 



La h.a 
"-1 "-2 



A, 



A, 



So, the binormal vector of curve j3 is 



(3.23) = 



^2 ((fcf )2 + fcf + [k^f) + + 



where 

ai = Agfcf - Aafc^" , ^2 = A3 (fc? + fc^") + Aifc2" , ^3 



(A2 (fcf 



Aifcf). 



We differentiate p. 181) with respect to s in order to calculate the torsion of curve 

/3 



-1 

71 



(fc? + fc^" + {k-if + {kqY)To - (fc? - (fc?)' - fc?fc2")^r - (fc2 - fc^fc? - (^2 ) )^2" , 



and similarly 



where 



Pi 



1 2 Ony-|^ n^"!^ ^"'2 2 ' V 1 / ^ V 1 / 2 ^ 1 v 2 / 



— (JAjj^ Ajj^ Zirii-j^ \ 1 / 1 V 2 / 1 2 1 



P3 



jLirL-^ i>j'2 '^ 2 2 \ 1 / 2 \ 2 / 1 2 2 



(fc2)' 



The torsion of curve /3 is 
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(fc" (ki) kfk2){ P^kf P^k!^ Pik2) 

I +{k^ - kfk^ - {k^f){p2kf + P2k^ + p,kf) 
-(fcf + k^ + {kff + {k^f){-p,kf + P2k^) 

(h.ai,a _ i,ai.a\2 , ( ha i,a _ 9 (l.a\'2 la _ r,T,a ( l.a\'2 o ( l,a\3 ^.QI,a^2 
'^2 '^l'^2 ) ^ '^2 ^ ) "-2 ^"-1 ^^2 ) ^ V^2 I '^1 1^2 ) 

+ (2 {kff + 2 (kff k^ + 2kf {k^f - kfk^ + k^k^f 



The first and second normal field of curve (3 are as follow. Then, from (12.21) we 
obtain 



, I (v'2/Icos6'^Ai — sinS^cTi) 
iVf = <^ + (yS^cos^^As - s\n9pa2] iVf 

v^^'? [ +(^/27Zcos6'^A3-sin6l^cr3)iV2" 



and 



/2psin9p\i + cos9i3ai) Ta 
^/ijIsm9i3\2+cos9fia2) 
^/2jlsin9pX3 + cos ^^^CTs) N2 



where 9/3 ^ ~ J Tp{s)ds and p = (k'^ f + k'^k^ + (fcf )^ rj = Xl + Xj + Xl 
Now, we can calculate the natural curvatures of curve /3, so from (|2.ip we get 



k^ 



^3(A? + A^ + A^) cos 9p 



and 



3(Ai + A2 + A3) sin 

4((fc?)Vfc?fc2" + (fc2")^)2- 



4. Curvature Spheres and Osculating Spheres of Smarandache Curves 

Definition 8. Let a : (a, b) M" be a regular curve and let F : R" R be 

a differentiable function. We say that a parametrically defined curve a and an 
implicity defined hypersurface F~^{0) have contact of order k at a(io) provided we 
have {Foa)(to) = {Foa)'{to) = ... = (Foa)^^) (^o) but (Foa)('=+i) (^o) 7^ [5]. 

If any circle which has a contact of first-order with a planar curve, it is called 
the curvature circle. If any sphere which has a contact of second-order with a space 
curve. It is called the curvature sphere. Furthermore, if any sphere which has a 
contact of third-order with a space curve, it is called the osculating sphere. 

Theorem 1. Let /3(s*) be a unit speed Smarandache curve of a{s) with first cur- 
vature fcf and second curvature /cf , then the centres of curvature spheres of j3{s*) 
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according to Bishop frame are 



c(s*) = p{s*) + i < 

3kf ± fc2Vr2((fcf)2-(fcf)2)-l 

Proof. Assume that c(s*) is the centre of curvature sphere of /3(s*), then radius 
vector of curvature sphere is 



2 ■ 

2 



Let we define the function F such that F = (c(s*) - /3(s*),c(s*) - /3(s*)) - r^. 
First and second derivatives of F are as follow. 

F' = -25i 
F" = -2{k% + k%-l). 
The condition of contact of second-order requires F = Q, F' =Q and F" = 0. Then, 
coefficients 5\,52,5z are obtained 

^1 = 



52 = 



'^Tk^sjr'iiytf-ik^?) 



P\2 



Thus, centres of the curvature spheres of Smarandache curve /3 are 



4(fcf)2 



c(s*) = /3(s*) + i 3 TVf 



3fcf ± fc2Vr2((fcf)2-(fc|)2)-l 

+ 3-^ -^V2- 



□ 



Let = A, then c(s*) = /3(s*) + Jz^'f + AA^2^ is a line passing the point 
/3(s*) + (52iVf and parallel to line . Thus we have the following corollary. 

Corollary 1. Let fi{s*) be a unit speed Smarandache curve ofa{s) then each centres 
of the curvature spheres of (3 are on a line. 

Theorem 2. Let (i{s*) he a unit speed Smarandache curve of a{s) with first cur- 
vature fcf and second curvature Aif , then the centres of osculating spheres of (3{s*) 
according to Bishop frame are 

c(,-) = ,?(,•) + '^'''.., ivf - 
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Proof. Assume that c(s*) is the centre of osculating sphere of (3{s*), then radius 
vector of osculating sphere is 

c{s*) - p{s*) = SiT^ + 52N( + 5iNl. 

Let we define the function F such that F = {c{s*) - /3(s*),c(s*) - /3(s*)) - r^. 
First, second and third derivatives of F are as follow. 

F' = -25i 
F" = -2(fcf ^2 + 4h - 1) 
F'" = -2 ((fcf - (fcf )'<Ji + - {4f5^) . 

The condition of contact of third-order requires F = 0, F' = 0, F" = and F'" = 0. 
Then, coefficients 5i,52,Ss are obtained 



^1=0, 



Thus, centres of the osculating spheres of Smarandache curve /3 can be written as 
follow 



c(s*) = p(s*) + '-^ jN^ '-^ ^A^o . 



□ 



Corollary 2. Let /3{s*) be a unit speed Smarandache curve ofa{s) with first curva- 
ture ki and second curvature fcf , then the radius of the osculating sphere of I3{s*) 
is 



r{s*) 



((fcf)')'+(fe^)')' 



Example 1. Let a (t) be the Salkowski curve given by 
(4.1) a{t) = {ai{t),a2{t),a3{t)) 

where 

a2 = 7^(^IT^-s((l + 2n)0 + ^3;3^cos((l-2n)t) + -cost 



as 
and 



cos {2nt) 
4m\/l + ni? 



m 

n = , 
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a (t) can be expressed with the arc lenght parameter. We get unit speed regular curve 
by using the parametrization t = - arcsin {nVT + m'^s). Furthermore, graphics of 
special Smarandache curves are as follow. Here m = VS. 



Figure 1 : Smarandache Curve T^N^ 



Figure 2 : Smarandache Curve TaN^ 



Figure 3 : Smarandache Curve N"N2 
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Figure 4 • Smarandache Curve To.N"N2 
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